Inference in Bayesian statistics involves the evaluation of marginal likelihood integrals. We present algebraic algorithms for computing such integrals exactly for discrete data of small sample size. Our methods apply to both uniform priors and Dirichlet priors. The underlying statistical models are mixtures of independent distributions, or, in geometric language, secant varieties of Segre-Veronese varieties.
Introduction
Evaluation of marginal likelihood integrals is central to Bayesian statistics. It is generally assumed that these integrals cannot be evaluated exactly, except in trivial cases, and a wide range of numerical techniques (e.g. MCMC) have been developed to obtain asymptotics and numerical approximations [1] . The aim of this paper is to show that exact integration is more feasible than is surmised in the literature. We examine marginal likelihood integrals for a class of mixture models for discrete data. Bayesian inference for these models arises in many contexts, including machine learning and computational biology. Recent work in these fields has made a connection to singularities in algebraic geometry [3, 9, 14, 15, 16] . Our study augments these developments by providing tools for symbolic integration when the sample size is small.
The numerical value of the integral we have in mind is a rational number, and exact evaluation means computing that rational number rather than a floating point approximation. For a first example consider the integral Θ i,j∈{A,C,G,T} πλ (1) i λ (2) j + τ ρ (1) i ρ (2) j U ij dπ dτ dλ dρ,
where Θ is the 13-dimensional polytope ∆ 1 ×∆ 3 ×∆ 3 ×∆ 3 ×∆ 3 . The factors are probability simplices, i.e.
and we integrate with respect to Lebesgue probability measure on Θ. If we take the exponents U ij to be the entries of the particular contingency table The particular table (2) is taken from [12, Example 1.3] , where the integrand i,j∈{A,C,G,T} πλ (1) i λ (2) j + τ ρ (1) i ρ (2) j U ij (4) was studied using the EM algorithm, and the problem of validating its global maximum over Θ was raised. See [6, §4.2] and [13, §3] for further discussions. That optimization problem, which was widely known as the 100 Swiss Francs problem, has in the meantime been solved by Gao, Jiang and Zhu [8] .
The main difficulty in performing computations such as (1) = (3) lies in the fact that the expansion of the integrand has many terms. A first naive upper bound on the number of monomials in the expansion of (4) would be i,j∈{A,C,G,T} (U ij + 1) = 3 12 · 5 4 = 332, 150, 625.
However, the true number of monomials is only 3, 892, 097, and we obtain the rational number (3) by summing the values of the corresponding integrals
The geometric idea behind our approach is that the Newton polytope of (4) is a zonotope and we are summing over the lattice points in that zonotope. Definitions for these geometric objects are given in Section 3. This paper is organized as follows. In Section 2 we describe the class of algebraic statistical models to which our method applies, and we specify the problem. In Section 3 we examine the Newton zonotopes of mixture models, and we derive formulas for marginal likelihood evaluation using tools from geometric combinatorics. Our algorithms and their implementations are described in detail in Section 4. Section 5 is concerned with applications in Bayesian statistics. We show how Dirichlet priors can be incorporated into our approach, we discuss the evaluation of Bayes factors, we compare our setup with that of Chickering and Heckerman in [1] , and we illustrate the scope of our methods by computing an integral arising from a data set in [5] .
A preliminary draft version of the present article was published as Section 5.2 of the Oberwolfach lecture notes [4] . We refer to that volume for further information on the use of computational algebra in Bayesian statistics.
Independence Models and their Mixtures
We consider a collection of discrete random variables
where
s i are identically distributed with values in {0, 1, . . . , t i }. The independence model M for these variables is a toric model [12, §1.2] represented by an integer d × n-matrix A with
The columns of the matrix A are indexed by elements v of the state space
The rows of the matrix A are indexed by the model parameters, which are the d coordinates of the points θ = (θ (1) , θ (2) , . . . , θ (k) ) in the polytope
and the model M is the subset of the simplex ∆ n−1 given parametrically by
This is a monomial in d unknowns. The matrix A is defined by taking its column a v to be the exponent vector of this monomial. In algebraic geometry, the model M is known as Segre-Veronese variety
where the embedding is given by the line bundle O(s 1 , s 2 , . . . , s k ). The manifold M is the toric variety of the polytope P . Both objects have dimension d − k, and they are identified with each other via the moment map [7, §4] .
Example 2.1. Consider three binary random variables where the last two random variables are identically distributed. In our notation, this corresponds to k = 2, s 1 = 1, s 2 = 2 and t 1 = t 2 = 1. We find that d = 4, n = 8, and In algebraic geometry, the surface M is called a rational normal scroll.
The matrix A has repeated columns whenever s i ≥ 2 for some i. It is sometimes convenient to represent the model M by the matrixÃ which is obtained from A by removing repeated columns. We label the columns of the matrixÃ by elements v = (v (1) , . . . , v (k) ) of (6) whose components
The model M and its mixtures are subsets of a subsimplex ∆ñ −1 of ∆ n−1 . We now introduce marginal likelihood integrals. All our domains of integration in this paper are polytopes that are products of standard probability simplices. On each such polytope we fix the standard Lebesgue probability measure. In other words, our discussion of Bayesian inference refers to the uniform prior on each parameter space. Naturally, other prior distributions, such as Dirichlet priors, are of interest, and our methods are extended to these in Section 5. In what follows, we simply work with uniform priors.
We identify the state space (6) with the set {1, . . . , n}. A data vector U = (U 1 , . . . , U n ) is thus an element of N n . The sample size of these data is U 1 + U 2 + · · · + U n = N. If the sample size N is fixed then the probability of observing these data is
This expression is a function on the polytope P which is known as the likelihood function of the data U with respect to the independence model M.
The marginal likelihood of the data U with respect to the model M equals
The value of this integral is a rational number which we now compute explicitly. The data U will enter this calculation by way of the sufficient statistic 
The likelihood function L U (θ) is the constant
The logarithm of this function is concave on the polytope P , and its maximum value is attained at the pointθ with coordinatesθ
Lemma 2.2. The integral of the monomial θ b over the polytope P equals
The product of this number with the multinomial coefficient N!/(U 1 ! · · · U n !) equals the marginal likelihood of the data U for the independence model M.
Proof. Since P is the product of simplices (7), this follows from the formula
for the integral of a monomial over the standard probability simplex ∆ t .
Our objective is to compute marginal likelihood integrals for the mixture model M (2) . The natural parameter space of this model is the polytope
Let a v ∈ N d be the column vector of A indexed by the state v, which is either in (6) or in {1, 2, . . . , n}. The parametrization (8) can be written simply as
is defined to be the subset of ∆ n−1 with the parametric representation
The likelihood function of a data vector U ∈ N n for the model M (2) equals
The marginal likelihood of the data U with respect to the model
The following proposition shows that we can evaluate this integral exactly. 
Each of the three factors is an easy-to-evaluate rational number, by (12) .
Example 2.4. The integral (1) expresses the marginal likelihood of a 4 × 4-table of counts U = (U ij ) with respect to the mixture model M (2) . Specifically, the marginal likelihood of the data (2) equals the normalizing constant 40! · (2!) −12 · (4!) −4 times the number (3). The model M (2) consists of all non-negative 4 × 4-matrices of rank ≤ 2 whose entries sum to one. Here the parametrization (13) is not identifiable because dim(M (2) ) = 11 but dim(Θ) = 13. In this example, k = 2,
In algebraic geometry, the model M (2) is known as the first secant variety of the Segre-Veronese variety (9) . We could also consider the higher secant varieties M (l) , which correspond to mixtures of l independent distributions, and much of our analysis can be extended to that case, but for simplicity we restrict ourselves to l = 2. The variety M (2) is embedded in the projective space Pñ −1 withñ as in (10) . Note thatñ can be much smaller than n. If this is the case then it is convenient to aggregate states whose probabilities are identical and to represent the data by a vectorŨ ∈ Nñ. Here is an example. Example 2.5. Let k=1, s 1 =4 and t 1 =1, so M is the independence model for four identically distributed binary random variables. Then d = 2 and n = 16. The corresponding integer matrix and its row and column labels are
However, this matrix has onlyñ = 5 distinct columns, and we instead usẽ
The mixture model M (2) is the subset of ∆ 4 given by the parametrization
In algebraic geometry, this threefold is the secant variety of the rational normal curve in P 4 . This is the cubic hypersurface with the implicit equation
In [11, Example 9 ] the likelihood function (14) was studied for the data vector
It has three local maxima (modulo swapping θ and ρ) whose coordinates are algebraic numbers of degree 12. Using the methods to be described in the next two sections, we computed the exact value of the marginal likelihood for the dataŨ with respect to M (2) . The rational number (15) is found to be the ratio of two relatively prime integers having 530 digits and 552 digits, and its numerical value is approximately 0.7788716338838678611335742 · 10 −22 .
Summation over a Zonotope
Our starting point is the observation that the Newton polytope of the likelihood function (14) is a zonotope. Recall that the Newton polytope of a polynomial is the convex hull of all exponent vectors appearing in the expansion of that polynomial, and a polytope is a zonotope if it is the image of a standard cube under a linear map. See [2, §7] and [17, §7] for further discussions. We are here considering the zonotope
where [0, a v ] represents the line segment between the origin and the point a v ∈ R d , and the sum is a Minkowski sum of line segments. We write Z A = Z A (1, 1, . . . , 1) for the basic zonotope which is spanned by the vectors a v . Hence Z A (U) is obtained by stretching Z A along those vectors by factors U v respectively. Assuming that the counts U v are all positive, we have
The zonotope Z A is related to the polytope P = conv(A) in (7) as follows.
, and P appears as the vertex figure of the zonotope Z A at the distinguished vertex 0.
Remark 3.1. For higher mixtures M (l) , the Newton polytope of the likelihood function is isomorphic to the Minkowski sum of (l − 1)-dimensional simplices in R (l−1)d . Only when l = 2, this Minkowski sum is a zonotope.
The marginal likelihood (15) we wish to compute is the integral
times the constant N!/(U 1 ! · · · U n !). Our approach to this computation is to sum over the lattice points in the zonotope Z A (U). If the matrix A has repeated columns, we may replace A with the reduced matrixÃ and U with the corresponding reduced data vectorŨ . If one desires the marginal likelihood for the reduced data vectorŨ instead of the original data vector U, the integral remains the same while the normalizing constant becomes
where α i is the number of columns in A equal to the i-th column ofÃ. In what follows we ignore the normalizing constant and focus on computing the integral (17) with respect to the original matrix A.
Recall from (8) that all columns of the d × n-matrix A have the same coordinate sum
and from (11) that we may denote the entries of a vector b ∈ R d by b
Now, using the binomial theorem, we have
Therefore, in the expansion of the integrand in (17) , the exponents of θ are of the form of
The other exponents may be expressed in terms of b. This gives us
Writing
. . , n}, we can see that the coefficient in (18) equals
Thus, by formulas (12) and (18), the integral (17) evaluates to
We summarize the result of this derivation in the following theorem. Each individual summand in the formula (20) is a ratio of factorials and hence can be evaluated symbolically. The challenge in turning Theorem 3.2 into a practical algorithm lies in the fact that both of the sums (19) and (20) are over very large sets. We shall discuss these challenges and present techniques from both computer science and mathematics for addressing them.
We first turn our attention to the coefficients φ A (b, U) of the expansion (18). These quantities are written as an explicit sum in (19). The first useful observation is that these coefficients are also the coefficients of the expansion
which comes from substituting σ i = 1 and ρ j = 1 in (18). When the cardinality of Z L A (U) is sufficiently small, the quantity φ A (b, U) can be computed quickly by expanding (21) using a computer algebra system. We used Maple for this purpose and all other symbolic computations in this project.
If the expansion (21) is not feasible, then it is tempting to compute the individual φ A (b, U) via the sum-product formula (19). This method requires summation over the set {x ∈ D(U) : Ax = b}, which is the set of lattice points in an (n − d + k − 1)-dimensional polytope. Even if this loop can be implemented, performing the sum in (19) symbolically requires the evaluation of many large binomials, which causes the process to be rather inefficient.
An alternative is offered by the following recurrence formula:
This is equivalent to writing the integrand in (17) as
More generally, for each 0 < i < n, we have the recurrence
where A ′ and U ′ consist of the first i columns and entries of A and U respectively. This corresponds to the factorization
This formula gives flexibility in designing algorithms with different payoffs in time and space complexity, to be discussed in Section 4. The next result records useful facts about the quantities φ A (b, U).
A (U) and c = AU − b. Then, the following quantities are all equal to φ A (b, U):
where A U is the extended matrix
, . . . , a n , . . . , a n Un ),
where u j = min {U j }∪{b m /a jm } One aspect of our approach is the decision, for any given model A and data set U, whether or not to attempt the expansion (21) using computer algebra. This decision depends on the cardinality of the set Z L A (U). In what follows, we compute the number exactly when A is unimodular. When A is not unimodular, we obtain useful lower and upper bounds for #Z L A (U). Let S be any subset of the columns of A. We call S independent if its elements are linearly independent in R d . With S we associate the integer
This is the index of the abelian group generated by S inside the possibly larger abelian group of all lattice points in L = ZA that lie in the span of S. 
In fact, the number of monomials in (18) 
By definition, the matrix A is unimodular if index(S) = 1 for all independent subsets S of the columns of A. In this case, the upper bound coincides with the lower bound, and so M A (U) = Z Example 3.7. Consider the 100 Swiss Francs example in Section 1. Here A is unimodular and it has 16145 independent subsets S. The corresponding sum of 16145 squarefree monomials in (23) gives the number of terms in the expansion of (4). For the data U in (2) this sum evaluates to 3, 892, 097. We next present a formula for index(S) when S is any linearly independent subset of the columns of the matrix A. After relabeling we may assume that S = {a 1 , . . . , a k } consists of the first k columns of A. Let H = V A denote the row Hermite normal form of A. Here V ∈ SL d (Z) and H satisfies H ij = 0 for i > j and 0 ≤ H ij < H jj for i < j.
Hermite normal form is a built-in function in computer algebra systems. For instance, in Maple the command is ihermite. Using the invertible matrix V , we may replace A with H, so that RS becomes R k and ZS is the image over Z of the upper left k × k-submatrix of H. We seek the index of that lattice in the possibly larger lattice ZA ∩ Z k . To this end we compute the column Hermite normal form H ′ = HV ′ . Here V ′ ∈ SL n (Z) and H ′ satisfies
The lattice ZA ∩ Z k is spanned by the first k columns of H ′ , and this implies
Algorithms
In this section we discuss algorithms for computing the integral (17) exactly, and we discuss their advantages and limitations. In particular, we examine four main techniques which represent the formulas (20), (21), (16) and (22) respectively. The practical performance of the various algorithms is compared by computing the integral in Example 2.5. A Maple library which implements our algorithms is made available at http://math.berkeley.edu/ ∼ shaowei/integrals.html.
The input for our Maple code consists of parameter vectors s = (s 1 , . . . , s k ) and t = (t 1 , . . . , t k ) as well as a data vector U ∈ N n . This input uniquely specifies the d × n-matrix A. Here d and n are as in (5) . The output features the matrices A andÃ, the marginal likelihood integrals for M and M (2) , as well as the bounds in (24).
We tacitly assume that A has been replaced with the reduced matrixÃ. Thus from now on we assume that A has no repeated columns. This requires some care concerning the normalizing constants. All columns of the matrix A have the same coordinate sum a, and the convex hull of the columns is the polytope P = ∆ t 1 × ∆ t 2 × · · · × ∆ t k . Our domain of integration is the following polytope of dimension 2d − 2k + 1:
We seek to compute the rational number
where integration is with respect to Lebesgue probability measure. Our Maple code outputs this integral multiplied with the statistically correct normalizing constant. That constant will be ignored in what follows. In our complexity analysis, we fix A while allowing the data U to vary. The complexities will be given in terms of the sample size N = U 1 + · · · + U n .
Ignorance is Costly
Given an integration problem such as (25), a first attempt is to use the symbolic integration capabilities of a computer algebra package such as Maple.
We will refer to this method as ignorant integration: In the case of mixture models, recognizing the integral as the sum of integrals of monomials over a polytope allows us to avoid the expensive integration step above by using (20). To demonstrate the power of using (20), we implemented a simple algorithm that computes each φ A (b, U) using the naive expansion in (19). We computed the integral in Example 2.5 with a small data vector U = (2, 2, 2, 2, 2), which is the rational number 66364720654753 59057383987217015339940000 , and summarize the run-times and memory usages of the two algorithms in the For the remaining comparisons in this section, we no longer consider the ignorant integration algorithm because it is computationally too expensive.
Symbolic Expansion of the Integrand
While ignorant use of a computer algebra system is unsuitable for computing our integrals, we can still exploit its powerful polynomial expansion capabilities to find the coefficients of (21). A major advantage is that it is very easy to write code for this method. We compare the performance of this symbolic expansion algorithm against that of the naive expansion algorithm. 
Storage and Evaluation of φ
Symbolic expansion is fast for computing φ A (b, U), but it has two drawbacks: high memory consumption and the long time it takes to extract the values of φ A (b, U). One solution is to create specialized data structures and algorithms for expanding (21), rather using than those offered by Maple. First, we tackle the problem of storing the coefficients Furthermore, by Proposition 3.3(2), the expanded integrand is a symmetric polynomial, so only half the coefficients need to be stored. We will leave out the implementation details so as not to complicate our discussions. In our algorithms, we will assume that the coefficients are stored in a d 0 -dimensional array φ [·] , and the entry that represents φ A (b, U) will be referred to as φ [b] .
Next, we discuss how φ A (b, U) can be computed. One could use the naive expansion (19), but this involves evaluating many binomials coefficients and products, so the algorithm is inefficient for data vectors with large coordinates. A much more efficient solution uses the recurrence formula (22): RECURRENCE(A, U) ). Input: The matrix A and the vector U. Output: The coefficients φ A (b, U).
Step 1: Create a d 0 -dimensional array φ of zeros.
Step 2: For each x ∈ {0, 1, . . . , U 1 } set
Step 3 . We now turn our attention to computing the integral (25). One major issue is the lack of memory to store all the terms of the expansion of the integrand. We overcome this problem by writing the integrand as a product of smaller factors which can be expanded separately. In particular, we partition the columns of A into submatrices A [1] , . . . , A [m] and let U [1] , . . . , U [m] be the corresponding partition of U. Thus the integrand becomes
v is the vth column in the matrix A [j] . The resulting algorithm for evaluating the integral is as follows: and the vector t. Output: The value of the integral (25) in exact rational arithmetic.
Step 1:
Step 2: Set I := 0.
Step 3: For each non-zero entry φ [1] [b [1] ] in φ [1] do . . .
For each non-zero entry
Step 4: Output the sum I.
The algorithm can be sped up by precomputing the factorials used in the product in Step 3. The space and time complexity of this algorithm is O(N S ) and O(N T ) respectively, where S = max i rank A [i] and T = i rankA [i] . From this, we see that the splitting of the integrand should be chosen wisely to achieve a good pay-off between the two complexities.
In the table below, we compare the naive expansion algorithm and the fast integral algorithm for the data U = (51, 18, 73, 25, 75). We also compare the effect of splitting the integrand into two factors, as denoted by m = 1 and m = 2. For m = 1, the fast integral algorithm takes significantly less time than naive expansion, and requires only about 1.5 times more memory. 
Limitations and Applications
While our algorithms are optimized for exact evaluation of integrals for mixtures of independence models, they may not be practical for applications involving large sample sizes. To demonstrate their limitations, we vary the sample sizes in Example 2.5 and compare the computation times. The data vectors U are generated by scaling U = (51, 18, 73, 25, 75) according to the sample size N and rounding off the entries. Here, N is varied from 110 to 300 by increments of 10. Figure 1 shows a logarithmic plot of the results. The times taken for N = 110 and N = 300 are 3.3 and 98.2 seconds respectively. Computation times for larger samples may be extrapolated from the graph. Indeed, a sample size of 5000 could take more than 13 days. For other models, such as the 100 Swiss Francs example in Section 1 and that of the schizophrenic patients in Example 5.5, the limitations are even more apparent. In the table below, for each example we list the sample size, computation time, rank of the corresponding A-matrix and the number of terms in the expansion of the integrand. Despite having smaller sample sizes, the computations for the latter two examples take a lot more time. This may be attributed to the higher ranks of the A-matrices and the larger number of terms that need to be summed up in our algorithm. Despite their high complexities, we believe our algorithms are important because they provide a gold standard with which approximation methods such as those studied in [1] can be compared. Below, we use our exact meth-ods to ascertain the accuracy of asymptotic formula derived by Watanabe et al. using desingularization methods from algebraic geometry [14, 15, 16] . Let I N (U) be the integral (25). Define
According to [16] , for large N we have the asymptotics
where the expectation E U is taken over all U with sample size N under the distribution defined by q = (q 0 , q 1 , q 2 , q 3 , q 4 ). Thus, we should expect
We compute F 16+N − F N using our exact methods and list the results below. Clearly, the table supports our conclusion. The coefficient 3/4 of log N in the formula (26) is known as the real log-canonical threshold of the statistical model. The example suggests that our method could be developed into a numerical technique for computing the real log-canonical threshold.
Back to Bayesian statistics
In this section we discuss how the exact integration approach presented here interfaces with issues in Bayesian statistics. The first concerns the rather restrictive assumption that our marginal likelihood integral be evaluated with respect to the uniform distribution (Lesbegue measure) on the parameter space Θ. It is standard practice to compute such integrals with respect to Dirichlet priors, and we shall now explain how our algorithms can be extended to Dirichlet priors. That extension is also available as a feature in our Maple implementation.
Recall that the Dirichlet distribution Dir(α) is a continuous probability distribution which is parametrized by a vector α = (α 0 , α 1 , . . . , α m ) of positive reals. It is the multivariate generalization of the beta distribution and is conjugate prior (in the Bayesian sense) to the multinomial distribution. This means that the probability distribution function of Dir(α) specifies the belief that the probability of the ith among m + 1 events equals θ i given that it has been observed α i − 1 times. More precisely, the probability density function f (θ; α) of Dir (α) 
B(α) .
Here the normalizing constant is the multinomial beta function
Note that, if the α i are all integers, then this is the rational number
Thus the identity (12) is the special case of the identity ∆m f (θ; α)dθ = 1 for the density of the Dirichlet distribution when all α i = b i + 1 are integers. We now return to the marginal likelihood for mixtures of independence models. To compute this quantity with respect to Dirichlet priors means the following. We fix positive real numbers α 0 , α 1 , and β (i) j and γ (i) j for i = 1, . . . , k and j = 0, . . . , t i . These specify Dirichlet distributions on ∆ 1 , P and P . Namely, the Dirichlet distribution on P given by the β (i) j is the product probability measure given by taking the Dirichlet distribution with parameters (β
) on the i-th factor ∆ t i in the product (7) and similarly for the γ (i) j . The resulting product probability distribution on Θ = ∆ 1 × P × P is called the Dirichlet distribution with parameters (α, β, γ). Its probability density function is the product of the respective densities:
By the marginal likelihood with Dirichlet priors we mean the integral
This is a modification of (15) and it depends not just on the data U and the model M (2) but also on the choice of Dirichlet parameters (α, β, γ). When the coordinates of these parameters are arbitrary positive reals but not integers, then the value of the integral (28) is no longer a rational number. Nonetheless, it can be computed exactly as follows. We abbreviate the product of gamma functions in the denominator of the density (27) as follows:
Instead of the integrand (18) we now need to integrate
with respect to Lebesgue probability measure on Θ. Doing this term by term, as before, we obtain the following modification of Theorem 3.2.
Corollary 5.1. The marginal likelihood of the data U in the mixture model M (2) with respect to Dirichlet priors with parameters (α, β, γ) equals
.
A well-known experimental study by Chickering and Heckerman [1] compares different methods for computing numerical approximations of marginal likelihood integrals. The model considered in [1] is the naive-Bayes model, which, in the language of algebraic geometry, corresponds to arbitrary secant varieties of Segre varieties. In this paper we considered the first secant variety of arbitrary Segre-Veronese varieties. In what follows we restrict our discussion to the intersection of both classes of models, namely, to the first secant variety of Segre varieties. For the remainder of this section we fix
but we allow t 1 , t 2 , . . . , t k to be arbitrary positive integers. Thus in the model of [1, Equation (1)], we fix r C = 2, and the n there corresponds to our k.
To keep things as simple as possible, we shall fix the uniform distribution as in Sections 1-4 above. Thus, in the notation of [1, §2] , all Dirichlet hyperparameters α ijk are set to 1. This implies that, for any data U ∈ N n and any of our models, the problem of finding the maximum a posteriori (MAP) configuration is equivalent to finding the maximum likelihood (ML) configuration. To be precise, the MAP configuration is the point (σ,θ,ρ) in Θ which maximizes the likelihood function L U (σ, θ, ρ) in (14) . This maximum may not be unique, and there will typically be many local maxima. Chickering and Heckerman [1, §3.2] use the expectation maximization (EM) algorithm [12, §1.3 ] to compute a numerical approximation of the MAP configuration.
The Laplace approximation and the BIC score [1, §3.1] are predicated on the idea that the MAP configuration can be found with high accuracy and that the data U were actually drawn from the corresponding distribution p(σ,θ,ρ). Let H(σ, θ, ρ) denote the Hessian matrix of the log-likelihood function log L(σ, θ, ρ). Then the Laplace approximation [1, equation (15) ] states that the logarithm of the marginal likelihood can be approximated by
The Bayesian information criterion (BIC) suggests the coarser approximation
where N = U 1 + · · · + U n is the sample size.
In algebraic statistics, we do not content ourselves with the output of the EM algorithm but, to the extent possible, we seek to actually solve the likelihood equations [11] and compute all local maxima of the likelihood function. We consider it a difficult problem to reliably find (σ,θ,ρ), and we are concerned about the accuracy of any approximation like (29) or (30).
Example 5.2. Consider the 100 Swiss Francs table (2) discussed in the Introduction. Here k = 2, s 1 = s 2 = 1, t 1 = t 2 = 3, the matrix A is unimodular, and (9) is the Segre embedding P 3 × P 3 ֒→ P 15 . The parameter space Θ is 13-dimensional, but the model M (2) is 11-dimensional, so the given parametrization is not identifiable [6] . This means that the Hessian matrix H is singular, and hence the Laplace approximation (29) (2) , and these translate into six local maxima (σ,θ,ρ) in the parameter space Θ, which is the 3-cube. The method for computing the marginal likelihood which was found to be most accurate in the experiments of Chickering and Heckerman is the candidate method [1, §3.4] . This is a Monte-Carlo method which involves running a Gibbs sampler. The basic idea is that one wishes to compute a large sum, such as (20) by sampling among the terms rather than listing all terms. In the candidate method one uses not the sum (20) over the lattice points in the zonotope but the more naive sum over all 2 N hidden data that would result in the observed data represented by U. The value of the sum is the number of terms, 2 N , times the average of the summands, each of which is easy to compute. A comparison of the results of the candidate method with our exact computations, as well as a more accurate version of Gibbs sampling which is adapted for (20), will be the subject of a future study.
One of the applications of marginal likelihood integrals lies in model selection. An important concept in that field is that of Bayes factors. Given data and two competing models, the Bayes factor is the ratio of the marginal likelihood integral of the first model over the marginal likelihood integral of the second model. In our context it makes sense to form that ratio for the independence model M and its mixture M (2) . To be precise, given any independence model, specified by positive integers s 1 , . . . , s k , t 1 , . . . , t k and a corresponding data vector U ∈ N n , the Bayes factor is the ratio of the marginal likelihood in Lemma 2.2 and the marginal likelihood in Theorem 3.2. Both quantities are rational numbers and hence so is their ratio. Example 5.5. We conclude by applying our method to a data set taken from the Bayesian statistics literature. Evans, Gilula and Guttman [5, §3] analyzed the association between length of hospital stay (in years Y ) of 132 schizophrenic patients and the frequency with which they are visited by their relatives. Their data set is the following contingency To obtain the marginal likelihood for the data U above, that rational number (of moderate size) still needs to be multiplied with the normalizing constant 132! 43! · 16! · 3! · 6! · 11! · 10! · 9! · 18! · 16! .
